Exact summatory functions that count the number of prime k-tuples up to some cut-off integer are presented. Related k-tuple analogs of the first and second Chebyshev functions are then defined.
Introduction
Interest in counting prime k-tuples for k ≥ 2 is a familiar story. A notable contribution to the storyline came from Hardy and Littlewood in their influential paper [1] where they conjectured remarkably accurate asymptotics. More contemporary works (see e.g. [2] , [3] , [4] and references therein) mainly utilize sieve methods to progress, and Yitang Zhang's recent breakthrough [5] has generated considerable excitement.
In this letter we present exact summatory functions that count the number of prime k-tuples up to some cut-off integer. The construction is based on the rather trivial observation that the arithmetic function µ(n)Λ(n)/ log(n) furnishes a characteristic function of primes. Importantly, it can be extended to localize onto prime k-tuples.
This characteristic function of primes allows for a direct representation of the exact prime counting function up to integer x
Note this is not a Moebius inversion. The representation is readily extended to prime k-tuples. For example the exact twin-prime counting function is
.
In addition to counting, the characteristic function suggests k-tuple analogs of the Chebyshev functions. Hopefully, possessing these explicit sums will enable further developments since they are constructed from well-studied objects. As a simple example we give a bound on the prime double Chebyshev functions averaged over prime doubles and show that Zhang's result implies they diverge as x → ∞.
Counting k-tuples
Proposition 2.1 Let P k be the set of prime k-tuples, and denote a prime k-tuple by
The number of prime k-tuples up to some cut-off integer x ≥ p + h k is given by
In particular, the number of prime doubles
with twin primes corresponding to i = 1.
Proof : Since Λ(n) restricts to prime powers p ν while µ(p ν ) allows only ν = 1, then
Loosely, µ(n)Λ(n)/ log(n) acts like a Dirac delta function for primes relative to the discrete measure on natural numbers. More precisely,
Simple induction on x proves (2.4) since it is obviously true for x = 2 and it jumps by one iff
Viewing n k as a point in a k-lattice and P k+1 as a subset of
The subscript (k) is supposed to indicate both the order k of the prime tuple and (implicitly) an associated H k := {0, h 2 , . . . , h k }. We will make the dependence on H k explicit when necessary.
the k-tuple result follows after observing that
It is useful to introduce a more compact notation
and
So we may write
Now define the first and second Chebyshev functions for prime doubles;
There are obvious analogs of Chebyshev for higher k Definition 2.2
where
Proof : Use the same reasoning as the previous proof.
We can obtain a tight bound on the average (with respect to i) prime-double Chebyshev functions. For example,
On the other hand,
. Because of Zhang's theorem [5] , π (2) (x) must diverge with x. It follows that lim x→∞ θ (2) (x)/ log(x) = ∞. Clearly the same bounds obtain for ψ (2) (x) in terms of J (2) (x) where J (2) is the weighted sum of prime-power doubles. If the gamma hypothesis [6] holds, this can be strengthened:
Claim 2.1 Assume the gamma distribution hypothesis and that H k is admissible. Then,
Sketch of proof 2 : As a direct consequence of the PNT;
(2.18) 2 The idea of the proof is obvious and simple since the gamma distribution hypothesis eliminates the difficult part of the proof by fiat. Of course strict analytic rigor is necessary to promote this claim to a theorem: even then it would hold only conditionally.
Hence the density of log-primes goes like µ(n)Λ(n) ∼ 1. Now, relative to the density of prime doubles, π (2) (x) represents a weighted intersection between the 2-lattice of integers and a ray r (2i) along a direction dictated by H 2 = {0, 2i}. Typically, r (2i) will meet only coprime points due to the Von Mangoldt product so it is more efficient to restrict attention to the coprime 2-lattice. Explicitly, denote the coprime 2-lattice by the set of points {(n 1 , n 2 ) ∈ N 2 + | gcd(n 1 , n 2 ) = 1}. Then
The delta function restricts to r (2i) where n 1 and n 1 +2i are coprime. The weight function c (2) (n 2 |n 1 ) encodes the condition µ(n 2 )Λ(n 2 ) = 0 given that µ(n 1 )Λ(n 1 ) = 0 along r (2i) . Consider a change of summation variable n 2 → n ′ 2 = n 1 + 2j in the inner sum with 2j = (2i) l ensuring that n ′ 2 is also coprime to n 1 . This will generate a different ray r (2j) , but the intersections of r (2i) and r (2j) with the lattice are congruent in the sense that both intersect the lattice for the same set of n 1 because gcd(2i, 2j) = 2i. In essence, r (2i) gets shifted 'up' 2j − 2i units. But, according to the gamma hypothesis, the counting of prime powers is a random process. The two counting processes along r (2i) and r (2j) are independent, and they share congruent sets of coprime events and the same underlying distribution of prime powers. Consequently, for sufficiently large x, we expect c (2i) (n 2 |n 1 ) to depend only on the equivalence class [2i] defined by the relation gcd(2i, 2j) = 2i. Hence, for sufficiently large N,
Note that c [2i] (N) applies to counting numbers along r [2i] , and it detects prime doubles. It is decisive here that the assumed gamma distribution for prime doubles [7] allows this condition on counting numbers to be quantified as a probability statement implying that c [2i] (N) = O(1) for all i. 3 In other words, every r (2) has a non-vanishing intersection with the coprime 2-lattice for any sufficiently large region of the lattice, and the intersection density is asymptotically constant. So we end up with π (2) (x) ∼ c (2) x/ log 2 (x) .
The argument easily extends inductively, so π (k) (x) ∼ c (k) x/ log k (x) in general.
Aside from a few details, this sketch is essentially the familiar probabilistic argument so it doesn't carry much weight. However, the exercise is useful because it is formulated in the context of a pair-wise coprime lattice structure which affords an unconventional perspective.
